Abstract. Let S * Q be the spherization of a closed connected manifold of dimension at least two. Consider a contactomorphism ϕ that can be reached by a contact isotopy that is everywhere positively transverse to the contact structure. In other words, ϕ is the time-1-map of a time-dependent Reeb flow. We show that the volume growth of ϕ is bounded from below by the topological complexity of the loop space of Q. Denote by ΩQ 0 (q) the component of the based loop space that contains the constant loop.
Introduction and result
Before stating the main theorem, we define positive contactomorphisms, the volume growth of maps and the growth of loop spaces. All our objects are in the smooth category and all manifolds have dimension ≥ 2.
The spherization S * Q of a manifold Q is the space of positive line elements in the cotangent bundle T * Q. The tautological one-form λ on T * Q does not restrict to S * Q, but its kernel does. This endows S * Q with a co-oriented contact structure ξ. Choose a contact form α for ξ. We call a smooth path of contactomorphisms ϕ t : [0, 1] → Cont(S * Q) starting at the identity positive if its generating vector field X t (ϕ t (x)) := d dt ϕ t (x) is positively transverse to the contact structure: α(X t ) > 0. A contactomorphism ϕ is called positive if there is a positive path ϕ t of contactomorphisms with ϕ 0 = id, ϕ 1 = ϕ. This notion is independent of the choice of contact form.
Let ϕ : M → M be a smooth diffeomorphism of a manifold M . Let S ⊂ M be a compact submanifold and fix a Riemannian metric g on M . We denote by γ vol,pol (ϕ; S) and γ vol,exp (ϕ; S) the polynomial and exponential volume growth of S These numbers are clearly independent of the choice of Riemannian metric.
Let Q be a connected manifold and consider the connected component ΩQ 0 (q) of contractible loops of the space of loops based at q. Denote by P the set of primes and zero. For p prime let F p be the field Z/pZ and F 0 = Q. Define the homological polynomial and exponential growth of ΩQ 0 (q) by dim(H k (ΩQ 0 (q); F p )).
Note that ΩQ 0 (q) is homotopy equivalent to any connected component of the space ΩQ(q, q ) of paths in Q from q to q . Thus if we had used in the above definition a connected component of ΩQ(q, q ) instead of ΩQ 0 (q), we would have got the same number.
Denote by γ pol (π 1 (Q)) and γ exp (π 1 (Q)) the polynomial and exponential growth of the fundamental group of Q for some (and thus every) set of generators. With this notation we can state the main result of this paper. Theorem 1. Let ϕ be a positive contactomorphism on the spherization S * Q of the closed manifold Q and let q be any point in Q.
(
The first versions of this theorem were proved by Dinaburg, Gromov, Paternain and Petean for geodesic flows, using Morse theory [7, 14, 19, 20, 21] , see also [13] . Frauenfelder-Schlenk [11] generalized the theorem to certain Hamiltonian flows on T * M , using Lagrangian Floer homology. A further generalization to Reeb flows was found by Macarini-Schlenk [16] (exponential) and Frauenfelder-Labrousse-Schlenk [10] (polynomial), also using Lagrangian Floer homology. In this paper we extend these results to positive contactomorphisms. These maps can be realized as timedependent Reeb flows. Remark 1.1. There are several approaches to dealing with the time-dependence of the Reeb flow. One is to absorb the time-dependence in an additional space factor, such as T * S 1 . Another approach is to cook up an action functional for our problem, and to deform it to the action functional for a Reeb flow. While we did not succeed with the geometric approach, the second approach worked out well. Remark 1.2. Positive entropy for all Reeb flows on many contact 3-manifolds different from spherizations has recently been established by Alves in [3, 4, 5] .
The identity map is a non-negative contactomorphism that can be uniformly approximated by positive contactomorphisms by slowing down a fixed positive contact isotopy. The class of positive contactomorphisms thus seems to be the largest natural class of contact geometric maps for which one has positive topological entropy on S * Q under the topological condition on Q given in Theorem 1. Indeed, without the positivity assumption various scenarii are possible:
(1) There are closed manifolds Q with π 1 (Q) of exponential growth whose spherization S * Q carries a non-negative contactomorphism ϕ such that h top (ϕ) = 0 and such that ϕ is generated by an autonomous contact isotopy that is positive outside a submanifold of positive codimension. (2) There are closed manifolds Q with π 1 (Q) of exponential growth whose spherization S * Q carries a non-negative contactomorphism ϕ such that h top (ϕ) > 0 and such that ϕ is generated by an autonomous contact isotopy that restricts to the identity on a subset of S * Q with nonempty interior.
Two specific examples are given in Section 5. 
Recollections
In this section we first represent the spherization S * Q as a hypersurface in T * Q and specify the choice of positive path of contactomorphism. Then we cite a theorem that relates the volume growth of a flow on a spherization to the volume growth of an extension of the flow to the sublevel. Finally we state some facts about the version of Rabinowitz-Floer homology that will be used in the proof of Theorem 1. The precise definition of this Rabinowitz-Floer homology is given in Section 4.
The spherization of a manifold can be naturally represented as a fiberwise starshaped hypersurface Σ ⊂ T * Q in the cotangent bundle with contact structure ξ = ker λ| Σ , where λ is the Liouville one-form. The map that sends a positive line element to its intersection with Σ is a contactormorphism. The radial dilation of a fiberwise starshaped hypersurface by a positive function is a contactomorphism to its image. Every contact form of (S * Q, ξ) is realized as λ| Σ for some hypersurface. The symplectization (Σ × R >0 , d(rα)) naturally embeds into T * Q\Q. A contact isotopy ϕ t admits a lift to a Hamiltonian isotopy of Σ × R >0 , generated by a timedependent 1-homogenous Hamiltonian H t .
Fix (Σ ⊂ T * Q, λ| Σ ) representing S * Q. For every positive contactomorphism ϕ the path {ϕ t } t∈ [0, 1] can be chosen to be the Reeb flow for t near 0 and 1, as explained in the second part of the proof of [10, Proposition 6.2] . This means that the contact Hamiltonian h t generating ϕ t is constant ≡ c 0 for t near 0 and 1. Thus h t permits smooth periodic or constant extensions. In this paper we always extend ϕ t such that h t is constant c 0 for t ≤ 0 and periodic for t ≥ 0, see Figure 1 . The reason for this will become clear in the proof of Theorem 5. Fix a Riemannian metric on Q and consider the induced metrics on T Q and T * Q. Denote by µ k the induced volume form on k-dimensional submanifolds of T * Q and denote by Vol(·) the integral of µ k on ·. Using this metric, represent S * Q as the 1-cosphere-bundle in T * Q. Let ϕ be a positive contactomorphism on S * Q and choose a path of positive contactomorphisms ϕ t with ϕ 1 = ϕ. For each t we extend ϕ t to T * Q\Q by
for s > 0. Note that the q-coordinate of ϕ t (q, sp) is the q-coordinate of ϕ st (q, p). Also note that the extension (2.1) is not the Hamiltonian lift mentioned above. The following theorem relates the volume growth of a sphere S * q Q with the volume growth of its punctured sublevel diskḊ * q Q under a general twisted periodic flow. The proof can be found in the proof of Proposition 4.3 in [10] , where the statement is proven for the slow growth of Reeb flows.
Theorem 3. Let ϕ t : S * Q → S * Q be a smooth family of diffeomorphisms with ϕ 0 = id whose generating vector field is 1-periodic. Extend ϕ t to T * Q\Q by (2.1). Then
Remark 2.1. The proof in [10] extends the flow on a hypersurface to its sublevel by extending the contact Hamiltonian to a homogeneous symplectic Hamiltonian. If one extends the flow directly as in (2.1) without using Hamiltonians and on a 1-cosphere bundle for an arbitrary Riemannian metric, the proof still goes through.
Albers and Frauenfelder [1] built a version of Rabinowitz-Floer homology for the space Ω 1 q,q of W 1,2 paths from T * q Q to T * q Q. Given a positive path of contactomorphisms ϕ t we construct a certain modification H t of a 1-homogenous Hamiltonian in T * Q corresponding to ϕ t , for details see Section 4. Define the functional A(ϕ t ; q, q ) : 
The first equation implies that x is an orbit of X H t , but with time scaled by η. The second equation implies that the orbit ends on (
is a hypersurface for which η plays the role of a Lagrange multiplier. For time-dependent H t , however, there is no such surface and H ηt (x(t)) might be very large for t < 1. The chain complex RFC T = RFC T (ϕ t ; q, q ) of the filtered Rabinowitz-Floer homology is generated by the critical points of A(ϕ t ; q, q ) with action value ≤ T ∈ R ∪ {∞}, for more details see Section 4. The boundary operator ∂ T is defined by counting solutions of a negative gradient flow with respect to a suitable L 2 -metric. For T ≤ T denote by ι T,T : RFC T → RFC T the inclusion. We denote by RFC This theorem follows from standard theory, see [1, Sections 6 and 7] . Denote by Q gen the set of q for which A(ϕ t ; q, q ) is Morse and that are different from q. Then Q gen has full measure in Q. The following theorem is the key ingredient of our proof. g(ẋ,ẋ) dt on the space ΩQ(q, q ) of paths in Q from q to q :
This isomorphism commutes with (ι T,∞ + ) * . This theorem is contained in Merry's work [17, Theorem 3.16] . Note that for autonomous flows (in particular geodesic flows) the action functional is the more classical Rabinowitz-Floer action functional, which Merry used in his work:
We finally need a link between the sublevel growth of the homology of E and the growth of the homology of the based loop space.
Theorem 7. Let q be non-conjugate to q.
If both γ pol (ΩQ 0 (q)) and γ pol (π 1 (Q)) are finite, then lim inf
This is a result for geodesic flows taken from [14] , [18] and [19] in the exponential case and from [12] in the polynomial case.
Proof of Theorem 1
Fix a Riemannian metric g on Q, consider the induced Riemannian metric on T * Q and represent S * Q as the 1-cosphere-bundle in T * Q with respect to this metric as in Section 2. Given the positive contactomorphism ϕ : S * Q → S * Q, choose a positive path of contactomorphisms ϕ t with ϕ 0 = id, ϕ 1 = ϕ, extended in time as in Section 2. Fix q ∈ Q. The exponential (polynomial) volume growth of ϕ is not less than the exponential (polynomial) volume growth of the cosphere S * q Q under ϕ: 
By the homogeneity of the flow, the elements of ϕ T (Ḋ * q Q) ∩Ḋ * q Q correspond to orbits of ϕ t from S * q Q to S * q Q that arrive at the latest at time T .
To count these orbits, define the Rabinowitz-Floer action functional A as in (2.2). It is Morse for q ∈ Q 1 gen , see Theorem 4. The intersection Q 0 gen ∩ Q 1 gen is also comeager. Since q = q , the critical orbits (x, η) of A with 0 < A(x, η) ≤ T are in bijection with the orbits of ϕ t from S * q Q to S * q Q that arrive at time ≤ T . On the other hand, these critical orbits generate the Rabinowitz-Floer chain complex RFC
Denote by Q 2 gen the set of points q ∈ Q that are not conjugate to q with respect to the geodesic flow ϕ 
is the same as the growth rate of dim(ι
by Theorem 7. Altogether, γ vol,exp (ϕ t ; S * q Q) > 0. If both γ pol (ΩQ 0 (q)) and γ pol (π 1 (Q)) are finite, then lim inf
Proof of Theorem 5
The Rabinowitz-Floer homology we used in Section 3 was constructed by AlbersFrauenfelder in [1] . For the proof of Theorem 5, they do not give details. In this paper we use a sandwiching argument which allows us to concentrate on monotone deformations, bypassing the problems that arise for more general deformations. We first introduce the action functional properly and then prove Theorem 5.
To define the action functional (2.2), we want to associate to a positive contactomorphism ϕ : S * Q → S * Q a Hamiltonian on T * Q. First we choose a positive path {ϕ t } t∈[0,1] with ϕ 0 = id and ϕ 1 = ϕ. We represent the spherization as (Σ ⊂ T * Q, λ| Σ ) as in Section 2 and generate {ϕ t } t∈ [0, 1] by the contact Hamiltonian
Since the path is positive, h t > 0. As explained in Section 2 we can choose h t = c 0 for some fixed constant c 0 in a neighbourhood of 0 and 1. We extend h t on Σ × R constantly for t ≤ 0 and 1-periodically for t ≥ 0.
Embed the symplectization of Σ in T * Q and extend the coordinate r by r = 0 on
and choose smooth functions β :
Then we define the Hamiltonian
Apart from the shift by −κ, the Hamiltonian H t κ,R is the 1-homogenous extension of h t for 2 ≤ r ≤ Rκ and the Hamiltonian of a Reeb flow for r ≤ 1 and r ≥ Rκ + 1.
A pair (x, η) ∈ Ω We define the L 2 -metric g κ on Ω 1 q,q ×R by choosing an almost complex structure J compatible with ω and setting
With this scalar product the gradient of A κ,R (ϕ t ; q, q ) has the form
Assume that the functional A κ,R (ϕ t ; q, q ) is Morse. The chain complex RFC b = RFC b (ϕ t ; q, q ) of the filtered Rabinowitz-Floer homology is generated by the critical points of A κ,R (ϕ t ; q, q ) with action ≤ b ∈ R. The boundary operator ∂ b is defined by counting solutions of the negative gradient flow. For a ≤ b denote by 
2 ds and A ± = A ± (u ± , η ± ). We calculate
We have just shown that Φ restricts to Φ| RFC T (ϕ t 0 ) :
) and A(ϕ t 1 ) have the same critical points with nonpositive action, and constant critical points (x, η) with η ≤ 0 are solutions of (4.1). Together with the fact that the action is non-increasing along solutions of (4.1) we get that
) is a lower diagonal isomorphism. Thus for the homomorphism Φ * induced in the quotient we have
Since Φ induces an isomorphism in RFH ∞ , abbreviating ι = ι T,∞ + , we conclude that 
With (4.2), this results in
). We conclude that for every positive path of contactomorphisms the RabinowitzFloer homology grows as fast as for a Reeb flow.
Complementary examples
In this section we provide two examples that confirm Example 1.3.
The first example is described in detail in [16, Section 7] . Consider the semidirect product G = R is the smooth limit of positive contact isotopies, and thus a non-negative contact isotopy. It fails to be positive only on the zero section, which is a codimension 2 subset of Σ 1 2 . The second example was pointed out to me by Marcelo Alves. Let Σ k be the closed orientable surface of genus k ≥ 2. Choose a Riemannian metric g on Σ k such that a closed disc D ⊆ Σ k is isometric to a round sphere S 2 deprived of an open disc that is strictly contained in a hemisphere. Equip the spherization S * Σ k with the contact form whose Reeb flow is the geodesic flow ϕ t g . Let U ⊆ S * Σ k be the set of points whose ϕ t g flow lines intersect fibers over Σ k \D. By construction, U c is closed with non-empty interior. Further, the geodesic flow ϕ g on U c is periodic (the flow lines project to great circles on S 2 ). Thus U c is a closed invariant set on which ϕ t g has zero topological entropy, and U is also a closed invariant set. From the maximum formula for topological entropy on decompositions into closed invariant sets [15, Proposition 3.1.7(2)] we conclude that ϕ g has positive topological entropy on U . Now consider the contact Hamiltonian flow ϕ t induced by a Hamiltonian that is constant 1 on U and 0 outside a small neighbourhood U of U . Since ϕ t coincides with ϕ t g on U , it has positive topological entropy, but restricts to the identity on U c , which is a set with nonempty interior. Note that for all ε > 0 we can choose g such that µ g ( U c ) ≥ (1 − ε)µ g (S * (Σ k )), where µ g is the measure induced by g.
